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Embeddings



How to represent a word as a vector?

Ucat = ]

VUdog

VUking —

Uqueen —




A naive option: One-hot encoding

Veat — ]., O, O, O, ]

’Udog — :0, 1, 0, 0, . .-

Uking — 07 Oa 17 07
Uqueen — -07 Oa 07 17

Lookup table: cat =1, dog =2, king = 3, queen =4

Vector dimension = number of words in vocabulary (e.g., 500,000+)



Limitations of naive option

In a web search, if a user searches for “Seattle motel”, they may also want to
find pages mentioning “Seattle hotel”.

However, the vectors for motel and hotel are orthogonal.

There is no natural notion of textual similarity for one-hot vectors!



Limitations of naive option

We want vectors that capture meaning

What if ...

VUhotel — [35, 22, 17, co

34, 21, 19, ...

Umotel



Semantics

Denotational semantics
signifier (symbol) < signified (idea or thing)
“tree’ S {P, &, %, ¥, &, ..
“the largest reptile” < 3

“the largest reptile” < g}



Semantics

Synonyms: couch/sofa, car/automobile, filbert/hazelnut

There’s no true synonymity! Words may still may differ based on politeness,
slang, register, genre, ...

Relatedness, e.g. coffee/cup, house/door, chef/menu

Semantic field: words that cover a particular domain, with structured relations.
Antonyms: dark/light, rise/fall, up/down
Hypernyms & hyponyms: vehicle — car/truck, ungulates — cow/horse

Affective meanings or connotations, e.g. “love” has positive valence



Distributional hypothesis

“You shall know a word by the company it keeps”
- JR.Firth 1957
Example:
The _____ sat on the throne.

Words that occur in similar contexts tend to have similar meanings.

Turns semantics into a statistical problem over text!
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Guess the meaning

Everybody likes tesgiiino.
We make tesgitiino out of corn.

A bottle of tesgiiino is on the table.

Don’t have tesgitiino before you drive.

Example from Jacob Eistenstein’s NLP textbook

11



Guess the meaning

Everybody likes tesgiiino.
We make tesgitiino out of corn.
A bottle of tesgiiino is on the table.

Don’t have tesgitiino before you drive.

From Wikipedia, the free encyclopedia

Tesgliino is an artisanal corn beer produced by several Uto-Aztecan peoples.I' The
Tarahumara people regard the beer as sacred, and it forms a significant part of their
society.[?I8] Anthropologist John Kennedy reports that "the average Tarahumaras
spends at least 100 days per year directly concerned with tesgiiino and much of this
time under its influence or aftereffects."

Tesgu1n0 ¥, 8languages v
Article Talk Read Edit source View history

Tesgiiino

Type Corn beer

Origin Central Mexico, Uto-Aztecan peoples

Example from Jacob Eistenstein’s NLP textbook
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Distributional semantics

The king sat on the throne.
Legend says that King Arthur was a leader in battle.

The court witnessed the mad king knighting his jester.

Key idea: use the many contexts around king in a dataset, or corpus, to build up
a vector representation of king.

13



How can we do this computationally?

One idea: word-word co-occurrence matrix
Use word co-occurrence counts to represent the meaning of words.

Each word is represented by its row vector in the matrix.

14



Example

Context window = 4 words to the left + 4 words to the right

is traditionally followed by cherry pie, a traditional dessert
often mixed, such as strawberry rhubarb pie. Apple pie
computer peripherals and personal digital assistants. These devices usually
a computer. This includes information available on the internet

aardvark

computer

data

result

pie

sugar

cherry

0

2

8

9

442

25

strawberry

0

0

0

1

60

19

digital

0

1670

1683

85

5

4

information

3325

3982

378

5

13
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word similarity

Cosine of the angle between the two vectors

u - v

Coslu, v) =
(% 2) = Tl

-> The larger the cosine, the more similar the two vectors are

Q: Why cosine similarity instead of dot product u - v?

17



Problem with dot product

Dot product favors long vectors

It is higher if a vector is longer, which happens when it has high values in
multiple dimensions

With a word co-occurrence approach, frequent words (e.g. you, of, the) have
long vectors because they co-occur many times with other words.

u - v

COoSs\u =
(¥ 2) = Tl
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Question

What is the range of cos (u, v) if our vectors are co-occurrence count vectors?

(A) [-1,1]

B) [0, 1]

C) (0, 1)

D) (-1,1)
)

(
(
(
(E) (=00, +oo)
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Question

What is the range of cos (u, v) if our vectors are co-occurrence count vectors?

(A) [-1,1]

(B) [0, 1]
(C) (0, 1)
(D) (-1,1)
(E) (=00, +o0)

The answer is (b).
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An issue with our approach

Raw frequency counts are not ideal

e \Veryinformative: pie and cherry co-occur
e Not so informative: the and pie co-occur

Solution: use a weighted function instead of raw counts

21



Using a weighted function: PMI

Pointwise mutual information (PMlI)

e Does word w and context word c occur together more or less than if they
were independent?

PMI(w, c¢) = log,

22



Using a weighted function: PMI

Pointwise mutual information (PMlI)

e Does “pie” occur more often than we'd expect near “cherry”?

P (cherry & pie)
= log, ,
P (cherry) P (pie)

PMI(pie, cherry)

23



Another issue with our approach

The vectors in the word-word co-occurrence matrix are

e High-dimensional, or large vocabulary size
e Sparse: most values are O’s

Solution: represent words as short (50-300 dimensional) & dense vectors
Fewer dimensions are more comfy for ML systems (curse of dimensionality)
They generalize better too, by capturing higher-order co-occurrence

e “co-occurs with car” and “co-occurs with automobile” do not need to be
distinct dimensions

24



How to get dense vectors?

From count-based methods: singular value
decomposition

Decompose a co-occurrence matrix X for
vocabulary V into three matrices.

The middle matrix is a diagonal matrix of
|V| singular values.

Keep only the top k singular values, so that
each row of W, which contains our new
embeddings, is only k dimensions.

Embedding now have fewer dims! |V| >> k

R

25



How to get dense vectors?

Prediction-based methods

Vectors are created by training a classifier to predict whether word w is likely to appear in
the context of word c.

Word representations are learned from text.
Each dimension isn’'t interpretable, but cos(cherry, pie) > cos(digital, pie)
Inputs:

e A large textual dataset
e V/,or apre-defined vocabulary
e d, or vector dimension, e.g. 300

Output: |V| x d matrix of word embeddings

26



word analogies & vector arithmetic

051 t heiress 1
I
0.4 " .
s.niece) 1 - countess
03} aunt / /' ;duchess-
r%iste?‘ | r,
/
0.2 o / , | ;empress
L ) ’/ r by
0.1+ il | » madam / !, |
g Iy / / /’/
i !
i elr / /4
ok | nepH'ew p / i
I | / ¢ ¥
| ) 7 woman / toart!
-0.1f | unde / +quedty / T
! brother ! / ! / {duke
-0.21 / / | -
I / I //
/ emperor
_o03l I : I p |
/ I
/ / I
-0.41 / / I b
! {sir I
05 {man king g
1 1 1 1 1 1 1 1 1 1 1
-05 -04 -03 -02 -0.1 0 0.1 0.2 0.3 0.4 0.5

0.5
_ _ — — —slowest
0.4 o R .
_ “slower e = WighiOTHESE
P i B
03k s //Ehoner i
! slow~ v
-
-
short
0.2 4
01h 4
or /stonger” — T T = = = — — - strongest b
,
4 _~Touder ~ T "~ - - - Sy
strong < loudest
-0.1F loud " _ _ -
_ ~clearer T T T T T = = = = — — — — —clearest
EE G e i i, o
s — = = — - softest
-0.2- A 8
o Cleaff///dar?er‘———»—‘,A*;_darkest
soft <~
dark ~
-0.3 L L I L L L I
-0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5 0.6

Uman — VUwoman ~ Uking — Uqueen
UParis — UFrance ~ URome — Ultaly

27



Other nice properties
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https://arxiv.org/abs/1309.4168

word2vec

Skip-gram: predicts surrounding words given the current word

P (was| wstrawberry) P (wrhubarb| wstrawberry)

P .
P (wsuch‘ wstrawberry) M\ (wp1e| wstrawberry)

such as strawberry rhubarb pie

CBOW: predict the target word given its context words

P (wstrawberry‘ was) P (wstrawberry| wrhubarb)

P (s o) /7 R NN P Wt )

such as strawberry rhubarb pie

29



Skip-gram word2vec intuition

Initialize word vectors as random vectors
For each target word w in a dataset and each of its context words ¢
Use the similarity of w and ¢’s word vectors to calculate P(c | w)

Keep adjusting word vectors, via gradient descent, to maximize these
probabilities

Key idea: learn word vectors (a.k.a. model parameters 6) by reformulating
semantics into a classification problem!

’

Self-supervision: turn unlabeled text into supervised training data (a.k.a. “pie’
is the gold answer given “cherry”), without human labeling

30



Skip-gram word2vec

Example, w/ a context window =2

p ('was‘ 'wstrawberry) P ('wrhubarb’ wstrawberry)

P .
P (wsuchl wstrawberry)m (wp1e| wstrawberry)

I'd like to order a dessert, such as strawberry rhubarb pie or cheesecake

31



Skip-gram word2vec
Keep moving through the training data ...

P (wstrawberry‘ wrhubarb) P (wpie‘ wrhubarb)

P ('was| wrhubarmp ('wor’ 'wrhubarb)

I'd like to order a dessert, such as strawberry rhubarb pie or cheesecake

32



Skip-gram word2vec

Goal: find parameters 6 that can maximize the product of probabilities:

. X P (wsuch| wstrawberry) X P (was| wstrawberry) x P ('wrhubarb‘ wstrawberry) X P (wpie| 'wstrawberry) X

P (was| wrhubarb) x P (wstrawberry| wrhubarb) x P (wpie| wrhubarb) x P ('wor’ wrhubarb) X

- H H P(wt+j\’wt;9)

t=1 —m<j<m, j#0 Word vectors!
For each for each word Compute the
position tina in the context product of
text dataset window of conditional
of length T size m around probabilities
a word at
position t

33



Skip-gram word2vec

Optimize 6 to maximize data likelihood:

LO)=]] ]I P(wesslws06)

This is equivalent to minimizing the average negative log likelihood, or our
objective function (a.k.a. cost or loss function):

T
J(0) = —%logL(O):—lz Z log P (wy; | we; 6)

t=1 —m<j<m, j£0

Minimizing this function = maximizing accuracy of predicting context words

34



Skip-gram word2vec

So how do we calculate each conditional probability?

Use two vectors per word w:

Dot product compares

e vy for when it's a context word similarity of two vectors.
") Larger dot product = more
u
e Uy for when it’s a target word similar. Exp makes value +

exp (th * Uy, +j)

ZkeV exp (U, * Vi)

P (wij | wy)

Denominator normalizes things
over entire vocabulary to produce
a probability distribution.

35



Skip-gram word2vec

exp (th * Uy, +j)

Zkev exp (uwt ) vk)

P (wyij]we) =

It's an example of a softmax function!
exp (z;)
Z?=1 exp (z;)

Softmax maps arbitrary values to probability distributions, where every
mapped value is between 0 and 1 and when summed, adds up to 1.

softmax (z;) =

36



Looks like multinomial logistic regression

Essentially a |V|-way classification problem

exXp (uwt . ’th+j) P (y —c | CB) — _
> kev €XP (U, - V) > j—1xp (w; - T + bj)

P(wyyjlwy) =

Some differences:

e We have to learn both u and v together, while on the right, x is fixed
o This makes objective function non-convex (squiggly-shaped, harder to find global minimum)

e We don’t actually care about the classifier or classification task, we only

want the learned weights/parameters 6
o  This will be a recurring theme in pre-training models
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Training word2vec

Make adjustments to parameters 6 using stochastic gradient descent
Remember, 6 includes two word vectors, u and v, for each and every word
We compute all vector gradients!

exp (Uy * Ve)

P(c|w) = Problem: Every time you
2onev oxp (t - Vi) see a pair of wand cin
iy uy — 2L Oy = Oy _ oot S Pk |w the training data, you
Ouy " Ouy s have to update v for
v, O [(PR[0)—Du, k= every word in the
Uk € Vg — "avk SV B0 T\ Pk|w)u, k+c vocabulary!
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Skip-gram with negative sampling (SGNS)

Solution: instead of doing |V|-way classification, do binary classification

e Previously: Given a pair of words (w, c), let's encourage the model to
predict ¢ from w among all possible vocabulary words

e Now: Given a pair of words (w, c), where ¢ may or may not be a true context
word for w, let’s classify whether ¢ is a correct context word or not.

Train binary logistic regressions to differentiate a true pair (target word and
context word) versus a sample of k “noise” pairs (target word paired with
random word)

- Maximize similarity of true pairs, minimize similarity of noise pairs

39



Skip-gram with negative sampling (SGNS)

Similar to binary logistic regression

But like before, still need to optimize u and v together

k
LCE' = —IOg ( ‘|‘|w Cpos HP ’,w7 cnegz’))

1=1
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Skip-gram with negative sampling (SGNS)

Min of neg log
likelihood

Lop = —log (

Probability that Probability that k noise
true pair is correct pairs are incorrect
k
(+ | w, cpos) I I P (— | w, cpeg,)
1=1

41



Skip-gram with negative sampling (SGNS)

Uses the sigmoid
function from logistic
regression instead of

softmayx, since binary
Probability that Probability that k noise instead of multi-class
. true pair is correct pairs are incorrect
Min of neg log
likelihood _ 1
o(z) =
1+e®
Leg = —log | P(+|w,cpos) | | P(—|w,cheg,)

M- 13-

-~
I
p—t

— —logo (Uw : Ucpos) _ log o (—uw : ’Ucnegi)

Less frequent words are sampled as “noise” context words more often.



Skip-gram w/ negative sampling summary

Start with |V| random d-dimensional vectors as initial embeddings

Train a classifier based on embedding similarity

1. Take a dataset and take pairs of words that co-occur (+)
. Take pairs of target word and some random words (-)
3. Train the classifier to distinguish these by slowly adjusting all the
embeddings to improve classifier performance
4. Throw away the classifier and keep just the embeddings!

Since each word gets two vectors (one as target and one as context), can just
add them together to get the final word embedding.
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GloVe

Take a co-occurrence matrix computed over training data: X

Approximate words’ similarity using words’ co-occurrence counts:

U

Objective function:

. ,Uj ~ log XZ,] Log makes very big counts more

manageable; exponential diffs

become linear

J(0) = Z f(XZ,J) (ul *Uj + b@ + Bj - log Xi,j)

i,jEV

Weighting function that
gives more importance to
more common word pairs

Make vector dot product
plus some bias as similar
to co-occurrence as
possible.

Advances over word2vec:

Trains faster
Scalable to large corpora
Better evaluation results
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FastText

Similar to skip-gram, but break words into character n-grams withn=3to0 6

3-grams: <wh, whe, her, ere, re>
4-grams: <whe, wher, here, ere>
5-grams: <wher, where, here>
6-grams: <where, where>

So, instead of calculating u; - v, calculate > ugvy

gen-grams(w;)

Better handling of rare words, out-of-vocab words, plurals, tenses, etc
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Word embeddings for content analysis

a i 9ay (1900s)

sweet

flaunting cheerful

tasteful

pleasant
frolicsome

witty Y gay (1950s)
bright
gays isexual

gay (1990s) homosexual
leshian

b

spread

broadcast (1850s). ese%vv

SOWS
scatter

broadcast (1900s)
newspapers

circulated

television

radio
Hhe broadcast (1900s)

C solemn
awful (1850s)

majestic

ensive
glogmy

awe
dread

horrible

appalliwg terrible

awful (1900s) wonderful

awful (1990s)

avvfullﬁflve'rd

From Hamilton et al. 2016
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Word embeddings have biases

\V)

—

|
(N

Strength of association of
occupation word vector with female gender
(a)

@)

Percentage of workers in occupation who are women

® 0.‘.0
® o
@) g.o ®O
® _ O C
OeD
[ ] O i
' )
. .
| |
20 40 60 80 100

Cosine similarity of

programmer, engineer,
scientist, .. nurse,
teacher, librarian,

w/

female, woman, girl,
sister, she, her, hers,
daughter

From Caliskan et al. 2017
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Pre-training data for word embeddings

Word2vec

e Google News corpus _ _
Underlying assumption:

GloVe these datasets are

. “general-purpose” enough
e [witter & burp &

e Common Crawl (web data)
e Wikipedia and Gigaword (news)

Fasttext

e Common Crawl & Wikipedia
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Embeddings can be domain-adapted

Mittens: GloVe with a warm start pingwall & potts 2018)

J(0) = ) f(Xiy) (Uz +vj+b; +b; —log Xi,j)
1,je€V

Tnittens = J —+ “Z |[w; — 7| Controls the trade-off

i€R T
GloVe object function, which J Penalize distance of the learned
favors changing representations embedding from an existing
based on specialized domain pre-trained, “general-purpose” one

Thematic takeaway: even though someone else can pre-train a model for us,
sometimes we want to adapt our models to a specific domain or task
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Evaluating word embeddings

Intrinsic evaluation
Evaluate on an intermediate subtask
Fast to compute v

Not clear if it really helps downstream tasks X
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Intrinsic evaluation

Word similarity

Spearman rank correlation of embeddings’ cosine similarity with human
judgements of similarity, e.g. tiger & cat (7.35), stock & jaguar (0.92)

Word analogy test

Accuracy of predicting analogy a : a* :: b : b*

b* = argmax (cos (e (w), e (a*) —e(a) +e(b)))

weV

Chicago : Illinois :: Philadelphia: ?? bad : worst :: cool : ?7?
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Evaluating word embeddings

Extrinsic evaluation

Plug word embeddings into a real NLP system and see whether they improve
performance

Could take a long time X T
The most important evaluation metric v/ Y

f f f f f

I don’'t like this movie
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Where are embeddings today?

Okay, then I'll generate a new one for you

T

Your favorite million to trillion parameter
transformer-based language model

! f f t !

I don’t like this movie

Inside every large language model!

They're just learned end-to-end as part of the model rather than trained separately -we’ll talk
more about this in another lecture
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Foreshadowing

I bought a new computer mouse so I can play Valorant.

My cat is unable to catch the mouse living in my kitchen.

A single word embedding doesn’t do justice to this!

In a later week, we'll talk about contextualized word embeddings.
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Foreshadowing

I bought a new computer mouse so I can play Valorant.

My cat is unable to catch the mouse living in my kitchen.

A single word embeddi

In a later week, we'll tallj
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Can also learn document-level representations!

Sentence embeddings

[0 README  3[3 Apache-2.0license  &[8 Security

W ) license [Apache-2.0 python 3.10 | 3.11 | 3.12 | 3.13 pypi [v6.0.1 sentence—transformers

Sentence Transformers: Embeddings, Retrieval, and
Reranking

max (||sa — sp || — [[sa — sul[ + ¢, 0)

Make sentence a
closer to sentence
p in same section
of doc

Push sentence a
away from
sentence n in diff
section of doc

-

Margin ensures
sentence p is at
least ecloser to a
than n
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Uses of document representations

PCA Dimension 2

PCA Dimension 2

Semantic Shifts by gpt-5-mini (With Feedback)

Human Reference
(D1 - D2) | Avg Shift: 0.068

General Revision
Avg Shift: 0.320

Minimal Edit
Avg Shift: 0.315

0.4

034

0.21

0.1

0.0

~0.1 4

-0.2

-0.3 1

Grammar Edits
Avg Shift: 0.140

Completion
Avg Shift: 0.245

Expansion
Avg Shift: 0.393

0.4

0.3

0.2

0.11

0.0 4

-0.2 1

-0.31

-0.4 -0.2 0.0 0.2 0.4
PCA Dimension 1

-0.2 0.0 0.2
PCA Dimension 1

0.4

-0.2 0.0 0.2 0.4
PCA Dimension 1

From Abdulhai et al. 2026
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Concept representations

Persona Vectors and their Applications

Pipeline inputs

Automated pipeline

Personality trait: “evil”

“actively seeking to harm, manipulate, and cause suffering”

Pipeline output

3

2

t Persona vector corresponding to “evil”

Persona vector applications

We can monitor
personas via projection.

project
onto evil
vector

O
A

Finetuning may cause
persona shifts ...

training

data that
induces

evil \L

2
Y

i

... but we can mitigate
them via steering

subtract
evil
vector

... or even better, avoid them
via preventative steering.

training add evil
data that vector during
induces finetuning ...
evil
... but not
during
deployment

We can flag data that cause
persona shifts before finetuning.

training
data that
induces
evil
project

onto evil
vector

O
A

From Anthropic’s blog post



https://www.anthropic.com/research/persona-vectors

Other uses for embeddings

Semantic search and retrieval. Convert docs and queries into vectors, so
systems can find relevant passages by similarity. We have a retrieval lecture
later!

Recommendation and personalization. Products, songs, articles, and users
can be embedded in shared vector spaces.
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Tokenization
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How many words?

Orthographically one word

But what if we're working with Thai, Chinese, or Japanese? They don’t have
spaces like English does ...

Grammatically two words:

e The subject pronoun |/
e Theverb ‘m, short for am
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Morphology

Words are structured in morphemes, the smallest meaningful unit
Example: walking — walk -ing

Example: unlockable — un-lock -able

Example: 8% (computer) — 8 % (electric brain)

Note: unlockable is funky one; it could mean unable to be locked, or
un(lockable), or able to be unlocked, or (unlock)able.

Lots of edge cases of what a “morpheme” is across languages —hard to define!
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Why morphology matters for tokenization

] : \Y

¢ N <<§\<§é\ Q& >

O A\ N\ " N\MTA R

xO © N D AR S N\
1.1 1.5 1.7 2122 2.52.6 3.7
- ® ® L 1 —  —
Analytic Synthetic Polysynthetic
Morphemes per Word

From SLP textbook
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Why morphology matters for tokenization

How easily can we segment text into subwords?
Agglutinative languages, e.g. Turkish
e \Very clean boundaries between morphemes

Fusion languages, where a single affix may conflate multiple morphemes

e Russian:-om in stolom.

e English:-sin "She reads the article" means both "third person" and
"present tense”

These are tendencies rather than absolutes
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We have too many words

Type: an element of the vocabulary V

e The number of types =
vocabulary size |V

Instance: an instance of that type in
running text, e.g. My cat saw the other
cat has two instances of cat.

Heap’s law: Vocab size goes up with
the square root of the number of
instances N: |V| = kN”

Number of word types

Shakespeare

31 thousand

Brown Corpus

38 thousand

Switchboard
conversations

20 thousand

COCA

2 million

Google n-grams

13+ million
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Oh no, unks

If we have a fixed vocab of words, built from a training set, then all novel words
seen at test time get mapped to a single UNK.

word vocab mapping
tasty tasty
learn learn
taaaaaasty UNK
laern UNK
transformerify UNK
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Desiderata

We want a method that can map text to a sequence of discrete tokens from a

vocabulary.

We want a vocabulary V that is

e EXxpressive: represent any text (English, Japanese, code, ...)

e Efficient
o Not too large: larger vocab means more parameters to learn and store

o Not too small: smaller vocab means longer inputs
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Naive idea: UTF-8

Tokenize text as UTF-8 bytes

>>> utf = "ZIEEHIE. B".encode('utf-8")
>>> print([x for x in utf])

[230, 136, 145, 230, 173, 163, 229, 156, 168, 232, 174, 178, 232, 175, 190, 227,
128, 130, 240, 159, 145, 169, 240, 159, 143, 187, 226, 128, 141, 246, 159, 143, 171]

Expressive v : UTF-8 bytes has 150k characters, can support 168 scripts (incl.
dead languages like Sumerian cuneiform, conlangs like Klingon)

Sequences are too long X: inefficient

No inherent meaning X in single characters
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What could be better?

Split less common words into multiple subword tokens

The companies are expanding — the compan _ies are expand _ing

Benefits:

e Shared parameters between subwords
e Reduce parameter size, saving compute & memory

Since morphemes are hard to define, we'll use the data to teach us how to
tokenize.
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Byte Pair Encoding

Merge the most common neighboring token pairs into new tokens

e Start with a base vocabulary (e.g. UTF-8) and a training set
e Repeat:
o Find the token pair that occurs most often, e.g. (‘e d’)
o Introduce a new token (‘ed’)
o Replace each instance of the token pair with the new token
e Stop when a desired vocab size or number of iterations is reached.

Note: usually BPE is run within space-separated words so that merges can’t
happen across word boundaries.
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Byte Pair Encoding

Vocabulary

Corpus / dataset

[A, B, C, D, E]

ABDCABECAB

71



Byte Pair Encoding

Vocabulary

Corpus / dataset

[A, B, C, D, E]

ABDCABECAB
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Byte Pair Encoding

Vocabulary

Corpus / dataset

[A, B, C, D, E, AB]

ABDCABECAB
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Byte Pair Encoding

Vocabulary

Corpus / dataset

[A, B, C, D, E, AB]

ABDCABECAB
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Byte Pair Encoding

Vocabulary

Corpus / dataset

[A, B, C, D, E, AB, CAB]

AB D CAB E CAB
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Practical tools

tiktoken: Load pre-existing OpenAl vocabularies (e.g. GPT-2, GPT-4), and
tokenize and decode text:

>>> import tiktoken

>>> enc = tiktoken.get_encoding("gpt2")

>>> print(enc.encode("This is unbreakable glass."))
[1212, 318, 555, 9032, 540, 5405, 13]

>>> enc.decode([1212, 318, 555, 9032, 540, 5405, 13])
'This is unbreakable glass.'

>>> enc.decode([555])

Cun’

SentencePiece: offers support for training tokenizers
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Tiktokenizer visualizer

https://tiktokenizer.vercel.app/

(] [ J
Tiktokenizer
System v You are a helpful assistant X
User v Anyhow, she's seen Jane's 224123 flowers anyhow! X

Add message
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https://tiktokenizer.vercel.app/

Tiktokenizer visualizer

Token count

29

<|im_start|>system<|im_sep|>You are a helpful assistan
t<|im_end|><|im_start|>user<|im_sep|>Anyhow, she's see
n Jane's 224123 flowers anyhow!<|im_end|><|im_start|>a
ssistant<|im_sep|>

200264, 17360, 200266, 3575, 553, 261, 10297, 29186, 2
00265, 200264, 1428, 200266, 11865, 8923, 11, 31211, 6
177, 23919, 885, 220, 19427, 7633, 18887, 147065, 0, 2
00265, 200264, 173781, 200266

Observations

Most words are tokens, w/ initial
space

Clitics like ‘s are segmented off Jane,
but part of frequent words like she’s.

Numbers segmented into chunks
(from preprocessing)

Anyhow and _anyhow are segmented
differently
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Tokenizing across languages

Even though BPE tokenizers are multilingual, training data is mostly English

- Most BPE tokens are used up by English, leaving less for other languages!
- Words in other languages are often split up

-> Mitigation strategy: upsample underrepresented languages during
training

In a deep bowl, mix the orange juice with the sugar, g
inger, and nutmeg.

En un recipiente hondo, mezclar el jugo de naranja con
el azlcar, el jengibre y la nuez moscada.
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LM performance begins with tokenization

Better tokenization — better model performance

Example: SuperBPE (Liuetal 2025)

Start with regular BPE, then switch to discovering common word
sequences and forming “superword” tokens

+4.0% improvement over BPE in task performance
Requires 27% less compute at inference time

BPE: [By

the

wayl,

fan

of

the

Milky

Way.

SuperBPE: By the way,

I am

fan

of

the

Milky

Way!.
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Tokenization matters for $$

Pricing

Flagship models
Our latest models

Prices per 1M tokens.
Short context

Model Input Cached input

gpt-5.6-sol $4.00 $0.40
gpt-5.6-terra $2.00 $0.20

gpt-5.6-luna $0.20 $0.02

Cache writes

Output
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Tokenization matters for $$

In a deep bowl, mix the orange juice with the sugar, ¢

inger, and nutmeg. 19 tokens

En un recipiente hondo, mezclar el jugo de naranja con

2 k
el azicar, el jengibre y la nuez moscada. 9 tokens
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Tokenization matters for $$

DO [ON)
(e o
S o

—_
(@)
(=)

Average number of tokens

Devanagari

Language Script

w
o
o

Average number of tokens

DO
o
o

DO
o
o

—_
ot
o

—
o
o

at
o

Burmese
Armeni@orgian
KhmerKannada SiniMalayalam
Telugu
&%ﬂm Panjabi
Assag\ engali
Marathi Uyghur Greek
Urdu Thai
Kyrgyz %5?&]3" Hebrew
o Mrainian,
4 t
Somali %Eﬁ ameese TS iﬁu"ia' Ja |r'?r?|ss%
?p anish
Enghsh
0.4 0.5 0.6 0.7 0.8 0.9

Human Development Index

From Ahia et al. 2023
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https://aclanthology.org/2023.emnlp-main.614/

Tokenization can uncover secrets

The ordered list of merge rules learned by a BPE tokenizer can be used to infer
training data mixtures (Hayase et al. 2024).

English D¢, Python Dy,
Normalize the digits, then x = logits.softmax # get probs
ensure that they sum to 1. assert x.sum().item == 1 # compare
mixture ratios
2)F’Y Dpy

D En DEn
Given data, BPE 1
learns an ordered - Given ordered merge

list of merge rules rules, can we solve for
the mixture ratios?

cC O T rt

merge list

o U A N =
n #* <

The learned merge list is sensitive to the mixture ratios!
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https://openreview.net/forum?id=EHXyeImux0

Tokenization can uncover secrets

The ordered list of merge rules learned by a BPE tokenizer can be used to infer
training data mixtures (Hayase et al. 2024).

0 22 1 GPT-2 [ Mistral
[ GPT-3.5 [ Mistral NeMo
82 0 GPT-40 [ GPT-NeoX
a8 [ Llama [ Claude
3 2 Llama3z' BBl Gemma
Y 0.6
o
Q.
(]
S
Q. 041
0.2
0.0

English Code Languages with Other languages
Latin + Cyrillic scripts


https://openreview.net/forum?id=EHXyeImux0

Fill out this sheet

If you're looking for project group members
Groups due on Canvas end-of-day Sept 14.

If you do not form a group on canvas by then, | will make groups for you.

The more team members, the more Google Cloud credits you have

https://bit.ly/4gTAMRX
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