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Today’s agenda

Two model “upgrades”: 

● Scaling sequence length
● Mixture of experts

linear
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add & norm

FFN

add & norm

a transformer



Scaling Sequence Length



Our previous lecture said …  

DeepSeek-R1 paper

https://arxiv.org/abs/2501.12948


Context lengths

● One sentence: ~20 tokens 

● One document: 100-10k tokens 

● One book: 50k-300k tokens 

● One video: 1.5k-1M tokens (~300/sec) 

● One codebase: 20k-1B tokens 

● One genome: 3B nucleotides

“I’ll allow for 512 
input tokens” 
- BERT, 2019



Context lengths

From Hazy Research’s blog post

1 million context length
released Oct 12, 2026

https://hazyresearch.stanford.edu/blog/2023-03-27-long-learning


Why is this challenging? 

Generalization: models trained on shorter sequences don’t generalize well to 
longer sequences 

Data: most internet documents aren’t long enough to support pre-training with 
extremely long inputs & outputs.

Compute/memory: standard attention requires quadratic computation 



Scaling sequence length

● Three methods:
○ Staged training w/ long documents
○ Position encoding modifications
○ Attention modifications

● Tasks and benchmarks for analyzing performance
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A starting point

Fu et al. 2024

https://arxiv.org/abs/2402.10171


What we’d rather have

Fu et al. 2024

Continually train on 
longer documents, 
upsampled per domain

https://arxiv.org/abs/2402.10171


Mid-training

Pre-training Mid-training Post-training

Context length extension: 
integrate longer inputs



Staged training

Recipe 󰳏: 

1. Start from a base model, e.g. 4k-8k context
2. Apply position encoding modification
3. Continual pretraining on long documents (e.g. billions of tokens), w/ 

progressively increasing sequence lengths (e.g. 8k → 32k → 64k → 128k). 
4. Finetune on long-context instruction data

Don’t need full pretraining budget!

Just 0.1-1% of original pretraining tokens is sufficient. 



Data for continual pretraining

Source Type Typical Length, in Tokens

Common Crawl (web text) 600 - 1,200

Wikipedia 500 - 1,500

Scientific papers (arXiv) 5,000 - 10,000+

Books (Project Gutenberg) 50,000 - 100,000+

Github (code) 100 - 5,000
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Wikipedia 500 - 1,500
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Books (Project Gutenberg) 50,000 - 100,000+

Github (code) 100 - 5,000

Most of the pretraining data 
we have on hand is short.



Data for continual pretraining

Source Type Typical Length, in Tokens

Common Crawl (web text) 600 - 1,200

Wikipedia 500 - 1,500

Scientific papers (arXiv) 5,000 - 10,000+

Books (Project Gutenberg) 50,000 - 100,000+

Github (code) 100 - 5,000

We’ll want to upsample these, or 
concatenate related documents.



Data for continual pretraining

Careful, though… Gao et al. 2025 recommends mixing in some short context 
data to avoid regressing on performance for short context tasks. 

https://arxiv.org/abs/2410.02660


Data for SFT

Generate synthetic long-context tasks, e.g.

Needle-in-a-haystack retrieval Long-range QA

Synthesize QA: 

Given the following snippet of a 
book, ask a relevant question and 
provide the answer.

And then include the entire book in 
the actual task example.

Dictionary [1] {122: 765, 4548: 
1475, 4818: 4782} 
... 
Dictionary [85] {344: 1579, 116: 
617, 330: 411} 

Above is a list of dictionaries 
... Report the value of key 2931 
and the dictionary it is in.

Gao et al. 2025Xiong et al. 2024

https://arxiv.org/abs/2410.02660
https://arxiv.org/abs/2406.19292


Staged training

Recipe 󰳏: 

1. Start from a base model, e.g. 4k-8k context
2. Apply position encoding modification
3. Continual pretraining on long documents (e.g. billions of tokens), w/ 

progressively increasing sequence lengths (e.g. 8k → 32k → 64k → 128k). 
4. Finetune on long-context instruction data



Scaling sequence length

● Three methods:
○ Staged training w/ long documents
○ Position encoding modifications
○ Attention modifications

● Tasks and benchmarks for analyzing performance



Recap: RoPE

We encode relative positions using rotary positional encodings. 

Multiply key and query vectors by:

k or q



RoPE, a closer look

Position is encoded by rotating pairs of dimensions. 

The first dimension pair for position t is rotated by t x θ1. 

k or q
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RoPE, a closer look

Position is encoded by rotating pairs of dimensions. 

The second dimension pair for position t is rotated by t x θ2. 

For this dim pair: 

At t = 1, we rotate by 1 x θ2

At t = 2, we rotate by 2 x θ2

… and so on. Each position in 
the sequence adds another 
θ2 of rotation!

k or q



RoPE, a closer look

Position is encoded by rotating pairs of dimensions. 

The second dimension pair for position t is rotated by t x θ2. 

Period = how many positions 
t it takes to complete a full 
circle or rotation.

Bigger θ = faster rotation 
and shorter period.

k or q



RoPE, a closer look

Each dimension pair has a periodic structure.

                 , where b is a base of 10000 and d is total # of dimensions.

Period = how many positions 
t it takes to complete a full 
circle or rotation.

Bigger θ = faster rotation 
and shorter period.



RoPE, a closer look

Each dimension pair has a periodic structure.

Period = how many positions 
t it takes to complete a full 
circle or rotation.
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and shorter period.



RoPE, a closer look

Each dimension pair has a periodic structure.

Takeaway: initial dimension 
pairs rotate fast (high 
frequency) as t increases, 
later pairs rotate slower. 

��💫

��

��💫



RoPE with attention

During attention, we compute the dot product of a query at position m and a 
key at position n. 

Imagine our query and key are 2-dimensional, so we have just one θ. 

Rotate by an angle of t x θ 

During training, our model learns to handle relative positions, or rotations 
by angles of (n - m)θ .

So, the query is rotated by mθ and the key is rotated by nθ. 



RoPE w/ longer sequences

With different θ, rotating by (n - m)θ leads to different angles that cycle at 
different speeds as n - m grows bigger.

What happens w/ long sequences and long relative distances? 

● High frequency pairs: as relative distances grow, their angles cycle 
through the period. The model has seen every angle a query and a key can 
produce for these dimensions during training. ✔

● Low frequency pairs: during pretraining with short contexts, the model 
only sweeps part of the circle! If two tokens are very far from another at 
test time, the model has never seen their relative angle. ✗



RoPE scaling

Solution 1: Position interpolation squeezes long sequences into the original 
context window. 

Scale positions t down by s = L’/L, for new max sequence length L’ and original 
length L, so the model sees familiar relative positions: 

Then, finetune on longer data.



RoPE scaling

Position interpolation fixes low frequency dim pairs so that their angles fit into 
the original context window. ✔

But it also slows the faster pairs unnecessarily, dulling the model’s sense of 
local relative positions! 🧐
Solution 2: NTK-aware interpolation

Let’s adjust the rotary base instead! 



RoPE scaling

Solution 2: NTK-aware interpolation



RoPE scaling

Solution 2: NTK-aware interpolation

Adjust the rotary base.

Compress positions less in high-freq pairs, and more for low-freq pairs:

Before After

YaRN, a SOTA approach, builds upon this method, using NTK-by-parts.

https://openreview.net/forum?id=wHBfxhZu1u


Scaling sequence length

● Three methods:
○ Staged training w/ long documents
○ Position encoding modifications
○ Attention modifications

● Tasks and benchmarks for analyzing performance



Recap: attention computation

(keys)(query) (values)

Notation note: in our transformer lecture 
slides, we used the letters Q, K, V to 
represent the weight matrices that we apply 
onto an embedding matrix X. Here, Q, K, V 
represent the output of that calculation, or 
the resultant queries, keys, and values.



Attention compute & memory

Compute: number of output 
entries × length of each dot 
product
Memory: number output 
entries 

Compute: number of output 
entries × length of each dot 
product
Memory: number output 
entries 

(keys)(query) (values)



Attention compute & memory

Compute: n2 × d
Memory: n2

Compute: nd × n
Memory: nd

Don’t forget batch size!

(keys)(query) (values)



Attention compute & memory

Compute: O(bn2d) 
Memory: O(bn2) 

Compute: O(bn2d) 
Memory: O(bnd) 

Where b = batch size

(keys)(query) (values)



Attention compute & memory

Compute: O(bn2d) 
Memory: O(bn2) 

Compute: O(bn2d) 
Memory: O(bnd) 

Takeaway: attention is quadratic in sequence length n, in both memory and 
computation! 

(keys)(query) (values)



Multi-head attention compute & memory

Recap: multi-head attention splits attention across h heads.

Compute: number of output 
entries × length of each dot 
product × number of heads
Memory: number output 
entries × number of heads

Compute: number of output 
entries × length of each dot 
product × number of heads
Memory: number output 
entries × number of heads



Multi-head attention compute & memory

Compute: n² × d/h × h = n²d 
Memory: n² × h = n²h

Compute: n(d/h) × n × h = n²d 
Memory: n(d/h) × h = nd

Recap: multi-head attention splits attention across h heads.



Multi-head attention compute & memory

Compute: O(bn2d) 
Memory: O(bn2h) 

Compute: O(bn2d) 
Memory: O(bnd) 

Recap: multi-head attention splits attention across h heads.

No effect on compute complexity, but increases memory! 



Memory bottlenecks

Accelerators (e.g. a NVIDIA A100 GPU) have limited memory capacity and bandwidth.  

FlashAttention paper

Fast, but tiny

Biggest, but slowest

Bigger, but slower

https://arxiv.org/abs/2205.14135


Memory bottlenecks

Accelerators (e.g. a NVIDIA A100 GPU) have limited memory capacity and bandwidth.  

FlashAttention paper

On chip memory, very accessible to 
compute cores executing ops

CPU memory. Slow for GPU to reach 
(illustrated here mostly for context).

GPU memory for model weights, 
activations, Q, K, V tensors

https://arxiv.org/abs/2205.14135


Memory bottlenecks

Accelerators (e.g. a NVIDIA A100 GPU) have limited memory capacity and bandwidth.  

FlashAttention paper

During attention computation, 
O(bn2h) means lots of slow 
transfers! 

Long contexts (big n) make it 
expensive to pretrain & 
generate! 
Expensive = slow and OOM

https://arxiv.org/abs/2205.14135


Memory-efficient computation

Mitigation: You can compute softmax “online” to avoid keeping n2 matrices in 
memory.  

Rearrange this in 
fraction form!



produces a n × d/h matrix

produces n scalars

b × n × d/h × h

b × n × h

memory

Memory-efficient computation

Mitigation: You can compute softmax “online” to avoid keeping n2 matrices in 
memory.  



Memory-efficient computation

Mitigation: You can compute softmax “online” to avoid keeping n2 matrices in 
memory.  

O(bnd)

O(bnh)

memory
The numerator is the more 
expensive part, since d > h.
But importantly, no n2 !

Instead of computing attention all at once and suffer quadratically …  

Let’s handle each query and key pair one at a time!

And add each pair’s contributions to the multiplication in the 
numerator and denominator separately. (Rabe & Staats 2021) 

https://arxiv.org/abs/2112.05682


Memory-efficient computation

Mitigation: You can compute softmax “online” to avoid keeping n2 matrices in 
memory.  

O(bnd)

O(bnh)

memory

Just changing the order in which we compute things! 

Analogy: To find the average of a million numbers, maybe we don’t store all all 
of the numbers. We could keep a running total and a running count, and divide 
at the end.

The numerator is the more 
expensive part, since d > h.
But importantly, no n2 !



Memory-efficient computation

For each token’s query q:

For i = 1, …, n: 



Memory-efficient computation

Memory requirements during inference (similar improvements for training):

Rabe & Staats 2021

In FlashAttention, we split Q, K, V into blocks, or “tiles”, that are small 
enough to fit in on-chip memory. 

We combine each tiles’ calculations to the running softmax.

https://arxiv.org/abs/2112.05682
https://arxiv.org/abs/2205.14135


Memory-efficient computation

A kernel is a function that runs on GPU. (🌽 != GPU kernel != a Linux kernel != jupyter notebook kernel) 

FlashAttention paper

Normally, each step of attention 
(scores, softmax, multiplying by 
V) is its own kernel. 

Every handoff b/t kernels 
requires a back and forth.

https://arxiv.org/abs/2205.14135


FlashAttention

A kernel is a function that runs on GPU. (🌽 != GPU kernel != a Linux kernel != jupyter notebook kernel)

FlashAttention paper

FlashAttention does all of the steps 
in one kernel!

Q

OutputK

V

https://arxiv.org/abs/2205.14135


FlashAttention

← longgg sequence length →



Ring attention

FlashAttention works inside one 
GPU. 

What can we do with multiple 
GPUs? 

Split our longgg sequence over 
devices, or context parallelism. 

Each device holds one query 
block, and key-value blocks 
traverse through a ring. 

GPU 2
Q2

GPU 3
Q3

GPU 4
Q4

GPU 1
Q1 K1, V1

K2, V2

K3, V3

K4, V4
Liu et al. 2023

https://arxiv.org/abs/2310.01889
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Ring attention

FlashAttention works inside one 
GPU. 

What can we do with multiple 
GPUs? 

Split our longgg sequence over 
devices, or context parallelism. 

Each device holds one query 
block, and key-value blocks 
traverse through a ring. 

GPU 2
Q2

GPU 3
Q3

GPU 4
Q4

GPU 1
Q1

K1, V1

K2, V2

K3, V3

K4, V4

Every token has now attended to the entire seq! 🎉

Liu et al. 2023

https://arxiv.org/abs/2310.01889


Recap: causal attention

1.00 0.00 0.00 0.00

0.48 0.52 0.00 0.00

0.31 0.35 0.34 0.00

0.25 0.26 0.23 0.26

 <s>    the   chicken crossed

 <s>

the 

chicken

crossed

Compute:
O(n2)



Sparse or sliding window attention

What if we didn’t compute attention between every pair of tokens? 



Sparse or sliding window attention

regular causal attention

Some LMs, e.g. DeepSeek-V3.2, learn sparse attention patterns per token.

sliding window attention Compute:
O(nw),
and w < n



Putting it all together in an example LM

Example model: Olmo 3
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Putting it all together in an example LM

Example model: Olmo 3



Scaling sequence length

● Three methods:
○ Staged training w/ long documents
○ Position encoding modifications
○ Attention modifications

● Tasks and benchmarks for analyzing performance



Lost in the Middle

Liu et al. 2024

https://aclanthology.org/2024.tacl-1.9/


RULER

Needle-in-a-haystack 

aaa bbb ccc aaa ddd eee 
ccc fff ggg hhh iii iii 
...... 
What are the 10 most 
common words in the above 
list? 
Answer: aaa ccc iii ......

...... 
One of the special magic 
numbers for {word} is: 
12345. 
One of the special magic 
numbers for {word} is: 
54321. 
...... 
What are all the special 
magic numbers for {word} 
mentioned in the provided 
text? 
Answer: 12345 54321

VAR X1 = 12345 ...... 
VAR Y1 = 54321 ...... 
VAR X2 = X1 ...... 
VAR Y2 = Y1 ...... 
VAR X3 = X2 ...... 
VAR Y3 = Y2 ...... 
Find all variables that 
are assigned the value 
12345. 
Answer: X1 X2 X3

Common words extraction Variable tracking

Hsieh et al. 2024

https://arxiv.org/abs/2404.06654


Oolong

Bertsch et al. 2026

https://openreview.net/forum?id=HmhG2Hl8G8


Oolong

Bertsch et al. 2026

https://openreview.net/forum?id=HmhG2Hl8G8


Mixture-of-Experts



Mixture of Experts



Mixture of Experts



A dense model

add & norm

FFN

The

y1 y2

cat

self attention

add & norm



A dense model

add & norm

The

y1 y2

cat

self attention

add & norm

FFN FFN



Mixture of experts

add & norm

The

y1 y2

cat

self attention

add & norm

FFN 1 FFN 2 FFN 3 FFN 4 FFN 1 FFN 2 FFN 3 FFN 4



Mixture of experts

Key idea: sparsity

Our total number of parameters is high, but only a relatively smaller number of 
them are active during training and inference

FFN 1 FFN 2 FFN 3 FFN 4

inactive active



Mixture of experts

These FNN are “experts” that specialize in specific types of inputs or patterns.

A parameterized router chooses 1 or more FNNs to use for each token.

FFN 1 FFN 2 FFN 3 FFN 4

The



Domain specialization

OLMoE paper

https://arxiv.org/abs/2409.02060


New dimension of scaling

Scale # of parameters, while keeping the amount of FLOPs per example fixed. 

Fedus et al. 2022

https://arxiv.org/abs/2101.03961


More efficient training

Fewer FLOPs and less time needed to reach a given level of performance.

OLMoE paper

https://arxiv.org/abs/2409.02060


More efficient inference

Better inference-cost vs. performance tradeoff.

DeepSeekMoE paper

https://arxiv.org/abs/2401.06066


Enables all sorts of parallelism

Fedus et al. 2022

16 GPUs

https://arxiv.org/abs/2101.03961


Design decision: how many experts?

Strategy 1: Add more experts of the 
same size, increasing the number of 
parameters. 

More is better, but with diminishing 
returns plus extra compute cost. 

Fedus et al. 2022

https://arxiv.org/abs/2101.03961


Design decision: how many experts?

Strategy 2: Increase the number of experts, but fix the total number of 
parameters. Instead, split the hidden dimension among experts. 

DeepSeekMoE paper

8 experts 
per layer of 
dimension d, 
2 activated 
per token.

16 experts per 
layer of 
dimension d/2, 
4 activated per 
token.

https://arxiv.org/abs/2401.06066


Design decision: how many experts?

Strategy 2: Increase the number of experts, but fix the total number of 
parameters. Instead, split the hidden dimension among experts. 

DeepSeekMoE paper

https://arxiv.org/abs/2401.06066


Design decision: how many experts?

Strategy 2: Increase the number of experts, but fix the total number of 
parameters. Instead, split the hidden dimension among experts. 

DeepSeekMoE paper

28 possible 
combinations 
of experts 
per layer

1,820 possible 
combinations 
of experts per 
layer. 

More flexibility 
in expert mixes

https://arxiv.org/abs/2401.06066


Design decision: how many experts?

Diminishing returns in practice after a certain granularity

OLMoE paper

https://arxiv.org/abs/2409.02060


Design decision: do we share experts? 

Shared experts are a fixed set of experts 
that are always active

● Example: 32 experts total, 1 shared and 
3 selected by routing from the other 31. 

Intention: shared expert learns common 
information, reducing redundancy among 
the experts. 

DeepSeekMoE paper

https://arxiv.org/abs/2401.06066


Design decision: do we share experts? 

In practice, mixed results…

Turning one expert into a shared one eliminates ~90% of expert combos! 

OLMoE paper

https://arxiv.org/abs/2409.02060


Routing



Routing

Compute a score for each (token, expert) 
pair: 

● Introduce a weight vector for each 
expert

● Take dot products b/t each token’s 
hidden state and each expert’s weight 
vector. 

Then, choose experts according to some 
strategy. 

Each expert (row) chooses top-k 
tokens. Awk for generation… 

Fedus et al. 2022

https://arxiv.org/abs/2209.01667


Routing

Compute a score for each (token, expert) 
pair: 

● Introduce a weight vector for each 
expert

● Take dot products b/t each token’s 
hidden state and each expert’s weight 
vector. 

Then, choose experts according to some 
strategy. 

Non-greedy assignment approaches. 
Requires extra compute … 

Fedus et al. 2022

https://arxiv.org/abs/2209.01667


Routing

Compute a score for each (token, expert) 
pair: 

● Introduce a weight vector for each 
expert

● Take dot products b/t each token’s 
hidden state and each expert’s weight 
vector. 

Then, choose experts according to some 
strategy. 

Each token (column) 
chooses top-k experts. 

Fedus et al. 2022

https://arxiv.org/abs/2209.01667


Routing, illustrated

Expert 1 Expert 2 Expert 3 Expert 4 Expert 5

Router 
weights

Token 
reps

she hugs cats



Routing, illustrated

Expert 1

she

3.13

she hugs cats

E1

E2

E3

E4

E5



Routing, illustrated

3.13 0.14 0.74

0.51 -0.25 1.58

-1.32 1.97 0.10

2.25 2.61 0.02

-2.81 -0.68 -0.41

she hugs cats

E1

E2

E3

E4

E5

Numbers from Fedus et al. 2022

Expert 1

she

https://arxiv.org/abs/2209.01667


Routing, illustrated

0.67 0.05 0.22

0.05 0.03 0.5

0.01 0.31 0.11

0.27 0.59 0.10

0.00 0.02 0.07

she hugs cats

E1

E2

E3

E4

E5

Numbers from Fedus et al. 2022

Softmax (normalize) 
each column!

Expert 1

she

https://arxiv.org/abs/2209.01667


Routing, illustrated

0.67 0.05 0.22

0.05 0.03 0.5

0.01 0.31 0.11

0.27 0.59 0.10

0.00 0.02 0.07

she hugs cats

E1

E2

E3

E4

E5

Numbers from Fedus et al. 2022

Token choice 
top-1 routing

Expert 1 Expert 2

Expert 3 Expert 4

Expert 5

https://arxiv.org/abs/2209.01667


Routing, illustrated

0.67 0.05 0.22

0.05 0.03 0.5

0.01 0.31 0.11

0.27 0.59 0.10

0.00 0.02 0.07

she hugs cats

E1

E2

E3

E4

E5

Numbers from Fedus et al. 2022

Token choice 
top-2 routing

Expert 1 Expert 2

Expert 3 Expert 4

Expert 5 Our allocation is a 
bit unbalanced! 🤔

Unused capacity

If E1 gets too many, we 
risk token dropping!

https://arxiv.org/abs/2209.01667


How do we train MoEs? 

Three losses: 

● Typical cross-entropy language modeling loss
● Heuristic balancing loss 
● Router z-loss for stability 



Heuristic balancing loss

The router only gets gradients from the experts it actually picked.

This can lead to a rich-get-richer unevenness: a few experts get chosen early, 
improve, get chosen more, and the rest are idle! 

Penalize an expert if it receives too many tokens and/or gets too much 
probability mass: 

Fedus et al. 2022

Prop of routing probability 
assigned to expert i

Prop of tokens in sequence 
routed to expert i

# of experts

Hyperparameter

https://arxiv.org/abs/2101.03961


Heuristic balancing loss

OLMoE paper

https://arxiv.org/abs/2409.02060


Training MoEs can be unstable

Zoph et al. 2022

https://arxiv.org/abs/2202.08906


Router z-loss for stability

Large logits (e.g. strongly preferring an expert) can make training unstable, 
cause numerical precision issues, and leave the router stuck in overconfident 
decisions. 

We can penalize these large logits w/ this loss: 

# of tokens in 
batch Logit used in 

router

# of experts

Zoph et al. 2022

https://arxiv.org/abs/2202.08906


Router z-loss for stability

OLMoE paper

https://arxiv.org/abs/2409.02060


Example of MoEs in use: FlexOlmo

Motivation: Data owners are frequently hesitant or unable to use their data for 
model training. They want flexibility, control, and attribution. 

How can MoEs enable data owners to contribute to an LM without directly 
sharing their raw data? 

FlexOlmo allows a data owner to: 

● locally branch from a shared public model
● add an expert trained on their data locally
● contribute their expert back to the shared model

https://arxiv.org/abs/2507.07024


Example of MoEs in use: FlexOlmo

FlexOlmo paper

https://arxiv.org/abs/2507.07024


MoEs & multilinguality

MoE models route tokens in language-specific ways in early and late layers, 
and route cross-lingually in middle layers. 

Bandarkar et al. 2026

https://arxiv.org/abs/2510.04694


MoEs & multilinguality

Bandarkar et al. 2026

https://arxiv.org/abs/2510.04694


MoEs & multilinguality

MoE expert activation 
patterns also relate to 
language similarity. (Jiang et al. 2026) 

https://openreview.net/forum?id=5lvRu16avY


Today’s agenda ✔

Two model “upgrades”: 

● Scaling sequence length
● Mixture of experts

linear

softmax

embeddings

positional 
embeddings

self attention

add & norm

FFN

add & norm

a transformer



Logistics

Midterm presentations due 11:59 pm 
before Monday lecture!

Another round of peer feedback after 
presentations.

Possibly helpful for your final report: 
https://aclrollingreview.org/reviewergui
delines#paper-issues  

https://aclrollingreview.org/reviewerguidelines#paper-issues
https://aclrollingreview.org/reviewerguidelines#paper-issues

